Ultrafast laser irradiation of solids leads to a thermodynamic nonequilibrium within and between the electron and phonon subsystems of the material. Due to electron-electron and phonon-phonon collisions, both subsystems relax into respective new thermodynamic equilibria within a characteristic thermalization time, which is different for each one of them. Moreover, they equilibrate their temperatures by electron phonon coupling. The relaxation of the electronic nonequilibrium and its effect on the electron phonon coupling was subject to a number of studies and it is comparably well understood, while the nonequilibrium within the phononic subsystem is usually neglected and its influence of the nonequilibrium phonons on other relaxation processes is unclear. Our calculations show significant differences in the energy transfer rate between the electrons and the phonons depending whether a nonequilibrium distribution is assumed for the phonons or not. Here, we present a model to study the relaxation of the nonequilibrium phonon subsystem. Collisions between phonons are described within the frame of Boltzmann integrals. From this, an energy-dependent relaxation time can be extracted and inserted into a relaxation-time approach. Within the frame of this model, we study the thermalization of a phonon distribution induced by ultrafast laser irradiation. We show, that the thermalization time of such a distribution is of the order of some hundreds of picoseconds. Moreover, we discuss the energy transfer between Fermi-distributed electrons and nonequilibrium phonons and compare this to the energy transfer for equilibrium distributions in both subsystems.
I. INTRODUCTION
In the past decades, the possibility to generate very short laser pulses of high intensity has emerged. With simple mode-locked laser systems, pulse durations below one picosecond can be achieved. By applying more advanced laser systems, even the generation of laser pulses in the attosecond regime has been reported [1, 2] . There is a wide range of applications for ultrashort laser pulses in research, industry and medicine [3, 4] . The option to generate ultrashort laser pulses opens up the opportunity to study microscopic processes in solids on an ultrashort time scale. Such processes have been a subject to numerous studies in the past 20 years [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , specifically for phonons reaching from experimental measurements of coherent phonons [16] [17] [18] , to DFT calculations that predict ultrafast phonon bandstructure changes after laser excitation [19] [20] [21] .
The irradiation of a solid with a femtosecond laser pulse leads to a nonequilibrium state within the electron system as well as between the electron and phonon subsystems, due to the fact that the laser energy is mainly absorbed by the electrons, while the lattice remains nearly unaffected. Following the excitation, two main processes occur: (1) The electrons thermalize due to electron-electron collisions, a process that takes place on a timescale of a few up to several hundreds of femtoseconds [12, 15, 22, 23] . (2) The electrons transfer the absorbed laser energy to the lattice due to the electronphonon coupling. The lattice temperature is rising, while the electrons are cooled down, until a new thermodynamic equilibrium between the electron and phonon systems is reached. This process usually takes place on a timescale of a few picoseconds [23] .
A commonly applied minimal model that describes the energy relaxation of electrons and phonons after laser irradiation is the well-known two-temperature model (TTM) [24] . Within this model, the electrons and phonons are described with different temperatures after laser irradiation, because only the electrons are initially heated by the laser. The TTM is widely applied to describe the energy relaxation between electrons and phonons [25] [26] [27] . Since this model is based on temperatures, it implicitly assumes equilibrium states within each of both subsystems. Therefore, the application of the TTM on a femtosecond timescale after laser irradiation is questionable. The limits of the two-temperature model in the description of the relaxation dynamics of electrons and phonons after laser irradiation have been addressed in several studies [8, 15, 23, [28] [29] [30] [31] . However, in most of the studies considering the electron relaxation [8, 13, 15, 32, 33] the phonon system is assumed to be thermalized. Only recently, the thermalization of the phonon system has been studied by solving a simplified Boltzmann integral [34] .
In [35] it was shown, that the electrons do not couple to all phonon modes equally. For example, in metals, preferably the longitudinal mode absorbs the electron energy, so the assumption of thermalized phonons after femtosecond laser irradiation does not hold. The phonons don't absorb the energy of the electrons equally, so, after the exciation of a solid with a femtosecond laser pulse, the phonon subsystem will be in a nonequilibrium state. The phonons thermalize due to phonon-phonon collisions, a process, which takes place on a timescale of several picoseconds [13] . The impact of a phonon nonequilibrium on the electron-phonon coupling and the electron distribution is unclear. In the present work, we study the thermalization of a model nonequilibrium phonon distribution by solving Boltzmann collision integrals, from which we can extract phonon relaxation times. These are inserted into a relaxation time approach, which gives us insights on the temporal evolution of the phonon distribution. Furthermore, we study the influence of the nonequilibrium phonons on the energy transfer between the electron and phonon systems of the material. The paper is organized as follows: First, a model nonequilibrium distribution for phonons after laser irradiation is introduced. Then, we derive the Boltzmann collision integral for the description of phonon-phonon processes and apply it to the model nonequilibrium distribution. From the calculated collision term, we extract wavenumber-dependent relaxation times and insert them into a relaxation time approach. This gives an idea of the temporal evolution of this nonequilibrium phonon distribution. In the last part of the paper, we check the influence of nonequilibrium phonons on the electronic system by calculating energy transfer rates between Fermidistributed electrons and phonons in nonequilibrium and compare them to energy transfer rates with both subsystems in equilibrium.
II. KINETIC DESCRIPTION
In this work we describe the change of the distribution functions of electrons and phonons within the frame of the Boltzmann equation. Although it originates in the kinetic theory of gases, the Boltzmann equation was already successfully applied in the description of quasiparticles in solids [8, [11] [12] [13] . We do not consider transport effects and external force fields. Considering collisions between electrons and phonons and collisions within the respective subsystems, as well as the laser excitation, we end up with the following form of the Boltzmann equation for electrons and phonons
The terms Γ i hereby represent complete collision integrals. Γ el−ph and Γ ph−el describe the collisions between electrons and phonons due to the electron-phonon coupling, Γ el−el denotes the change of the electron distribution function due to electron-electron collisions, which are responsible for the thermalization of the electronic subsystem. In analogy, the phonon-phonon collisions are represented by Γ ph−ph . This collision term describes the thermalization of the phonon system of the material. Finally, Γ * abs stands for the absorption of the laser energy, which enters the electronic system, in case that an optical laser pulse was applied. If the frequency of the laser pulse was in the terahertz regime, it would be possible to exciten the phonons directly [36] . Most of these collison integrals are well known and have already been applied in the description of the temporal evolution of the electron and phonon system after femtosecond laser irradiation [8, 11, 13, 15] . The phonon-phonon collision term so far was only calculated with severe simplifications [34] in the phonon-phonon matrix element. This study will concentrate on this phonon-phonon collision term, which is derived below. We apply our collision term to an assumed nonequilibrium distribution of the phonons after laser excitation. Such distributions were calculated for instance in Ref [11] . 
of the same internal energy. For small wavenumbers q, the distribution resembles a Bose distribution of lower internal energy than the nonequilibrium distribution, for larger wavenumbers, the occupation number is higher. A similar trend of the nonequilibrium distribution for phonons after laser irradiation was calculated in Ref [11] . The internal energy of the Bose distribution corresponds to a temperature of 1634 Kelvin, that is slightly lower than the melting temperature of silicon.
III. PHONON-PHONON COLLISIONS
This study deals with the relaxation of nonequilibrium phonons. In the following, we present the derivation of the phonon-phonon collision term Γ ph−ph . For many studies, isotropic collision terms can be assumed [13, 15] . However, this assumption is insufficient
Possible interaction processes between three phonons. Either one phonon decays into two others or two phonons combine into one.
for the description of phonon-phonon collisions. The phonon-phonon collision term has to be kept directiondependent, in order to distinguish between the different phonon modes. Phonon-specific quantities like frequencies and polarization vectors follow from the chosen interatomic potential and the crystal structure of the material. These quantities are material specific and enter the matrix element for phonon-phonon collisions.
The most simple interaction processes between phonons are the creation or annihilation of one phonon. As shown in figure 2, both of these processes contain three particles. In the creation process one phonon decays into two other phonons, in the annihilation process two phonons combine into one. q hereby denote the wavevectors of the participating phonons, q ′ and q ′′ stand for the collision partners. To describe these processes, the harmonic approximation for the Hamiltonian is not sufficient, instead a Taylor expansion of the effective potential up to the third order is required. Therefore, the chosen interatomic potential has to be at least a three-body potential. In our case, we apply a Stillinger-Weber potential [37] . The Hamiltonian for phonon-phonon interactions denotes as [35] 
where the r ℓ b represent the displacement vectors of the atoms out of their equilibrium position. The vectors ℓ hereby denote vectors to the origins of the unit cells, b the vectors from the origin of the unit cell to the different atoms. The primed quantities refer to the respective displaced atoms. The term contains a triple inner product between the displacement vectors and the tensor of the third derivative with respect to the interatomic potential to the displacement vectors written in component notation as sum over α, β, γ. Following some transformations [35] , the phonon-phonon interaction Hamiltonian can be rewritten as a term consisting of creation and annihilation operators
with G denoting a reciprocal lattice vector, p denoting the phonon modes, the primed quantities hereby denote the modes of the collision partners, and
This Hamiltonian contains the triple inner product of the polarization vectors e with the tensor of the third derivatives of the interatomic potential with respect to the atom displacement vectors. Additionally, we define the vectors h ′ and h ′′ as ℓ ′ = ℓ + h ′ and ℓ ′′ = ℓ + h ′′ . The ν denote the phonon frequencies, the m are the atomic masses and N V K is the product of the considered crystal volume and the number of unit cells per volume. The phonon frequencies and polarisation vectors were calculated from the eigenvalues and eigenvectors of the dynamical matrix.
A. The Phonon-Phonon collision term
With the Hamiltonian for three phonon interactions derived above, Fermi's golden rule can be applied to derive a Boltzmann collision term for phonon-phonon scattering processes leading to a collision term
To evaluate this expression, the commutation relations valid for phonons
are applied. Additionally, the following terms for creation and annihilation operators apply in the case of phonons
and < a i a
with the phonon distribution function g at given energy E i , with E = c s q. Taking all these relations into account, a Boltzmann collision term for phonon-phonon interactions is calculated
with
and
The functional G represents a term over the distribution functions of the phonons, indicating the gain and loss of phonons in the different states. The abbreviation g here refers to the value of the distribution g(E( q)) at the given state. The phonon-phonon collision term contains multiple sums, two are sums over the wave vectors q of the scattered phonons, the others run over the modes p, respectively. The sums over the wave vectors can be rewritten in integral form leading to six integrals over the components of the wave vectors. By means of an evaluation of the delta functions representing energy and momentum conservation, the number of integrals required can be reduced to two. In figure 3 , the temporal derivative of the assumed nonequilibrium phonon distribution (see Figure 1) is shown. For the calculation we took a material with an fcc structure, so only acoustic phonons are possible. We applied material parameters of silicon, the excitend phonon mode is the longitudinal one. We apply a Debye temperature of 645 Kelvin, a sound velocity of 8433 m s an atomic mass of 28.0855 u and a lattice parameter of 5.431 A. We consider atomic displacements and phonon wavevectors in (111) direction.
B. Temporal evolution of the phonon distribution
Calculating the complete temporal evolution of the phonon system with the Boltzmann collision integral would be extremely time-consuming. A compromise would be a relaxation time approach. The assumption hereby is, that a system evolves towards an equilibrium state due to collision processes. Within this approximation, the time derivative of the distribution function writes as following
The change of the nonequilibrium distribution g is thus given by its difference to a Bose distribution of equal internal energy divided by the relaxation time τ . All quantities depend on the phonon wave number q, and therefore also on the phonon energy. Since we determine the time derivative of the phonon distribution g(q) through the Boltzmann collision integral, we can extract relaxation times, which depend on the wavenumber q
A problem of this approach is that the internal energy is not exactly conserved when applying wave-numberdependent relaxation times. Therefore, we checked in the following calculations, that these deviations are relatively small. The highest deviation in the internal energy is found to be around 9 %. The relaxation times of the nonequilibrium phonon distribution shown in figure 1 after laser irradiation were calculated through equation (15) and are shown in figure 4. The relaxation times for small wave numbers are on a timescale of up to some hundreds of picoseconds, while for higher wavenumbers, the relaxation times are much smaller. These results indicate that the phonon distribution thermalizes on timescales of a few hundred picoseconds. The wavenumber-dependent relaxation times can be inserted into a relaxation time approach (15) and integrated in time. This gives an idea of the temporal evolution of the phonon distribution. In figure 5 , such temporal evolution of the nonequilibrium distribution function within 500 ps is plotted. A comparatively fast relaxation of the nonequilibrium distribution at higher wavenumbers can be observed, where it is already almost thermalized after 3 picoseconds, while the thermalization of the whole distribution function to a new equilibrium distribution takes much longer. After 40 picoseconds, the distribution still deviates from an equilibrium distribution, particularly at small wave numbers. This indicates that processes driven by phonons of small energy are influenced by the phononic nonequilibrium on timescales in the 100 ps range.
IV. INFLUENCE OF A PHONON NONEQUILIBRIUM ON THE ELECTRON-PHONON ENERGY TRANSFER
It is interesting to check how strong the influence of a nonequilibrium distribution of the phonons on the electron system and on the coupling between electrons and phonons is. It was already shown, that nonequilibrium electrons influence the electron phonon coupling [8, 15, 23, 38] . Therefore, it can be expected, that nonequilibrium phonons also affect the energy relaxation between electrons and phonons. In this section we apply the model presented in [39] to determine the strength of the electron-phonon coupling. We assume material parameters as given in [39] , but apply the nonequilibrium distribution discussed before (see Fig 1) as the starting distribution for the phonons. In this calculation, only electron-phonon interactions are considered, all other interaction processes are switched off. We calculate the energy transfer rate from the electrons to the phonons according to equation (10) in [39] applying the phonon nonequilibrium distribution as starting distribution while the electrons are Fermi distributed at 10000 Kelvin at the beginning of our calculation. For comparison, the energy transfer rate is also determined assuming equilibrium distributions for both subsystems. In that calculation, at each timestep the distributions of electrons as well as of phonons are set to their corresponding equilibrium distributions of the same internal energy. We observe a considerable difference in the energy transfer rate from the electrons to the phonons depending on the phonon nonequilibrium, as shown in figure 6 . This difference indicates that the phonon nonequilibrium also plays an important role in the evolution of the electron system and the electron-phonon coupling and should therefore not simply be neglected. As a consequence, it is further important to identify a timescale, after which the phonons are thermalized and the assumption of a Bose distribution is valid. Therefore, the initial energy transfer rates between Fermi distributed electrons and nonequilibrium phonons in different stages of the relaxation process are calculated. We determine the electron-phonon coupling between electrons at 10000 Kelvin and phonons at different nonequilibrium states, calculated according to equation (15) and shown for some delays in Figure 5 . With these initial conditions, initial energy transfer rates are calculated. The results are shown in comparison to the coupling to equilibrium phonons of the same respective energy in Figure 7 . The blue dots denote the energy transfer rate from the electrons to the phonons in the nonequilibrium distribution at certain timesteps during the relaxation process, the red dots are the energy transfer rates calculated for a Bose distribution of the same respective internal energy. The electrons are always Fermi distributed at 10000 Kelvin. The dashed lines represent the temporal evolution of the energy transfer rate for a certain time, similar to the curves in Figure 6 . The energy transfer from the electrons to the phonons is decreasing over time for the phonons in different stages of the thermalization process and the rates for the nonequilibrium distributed phonons are approaching the rates for the Bose distributed phonons, until there is no more observable difference at 200 ps. This result indicates, that the assumption of Bose distributed phonons would not make a difference on the electron phonon coupling anymore from this point on. Note that the minimum in the red curve is an artifact due to deviation of the internal energy of the phonons during the calculated relaxation process.
V. CONCLUSION
The thermalization of the phonons is studied within the frame of a Boltzmann collision term, which gives a wavenumber-dependent relaxation time. We found these relaxation times to be on a timescale of up to some hundreds of picoseconds. The temporal evolution of a model nonequilibrium phonon distribution after laser irradiation is studied in the framework of a relaxation time approximation. A comparison of the initial energy transfer rates between electrons and phonons in nonequilibrium and thermalized indicates that the thermalization process of the given phonon distribution takes place on a timescale of a few hundred picoseconds. Additionally, we study the energy transfer between Fermi-distributed electrons and nonequilibrium phonons, which is compared to the energy transfer for equilibrium distributions in both subsystems. A comparison of the initial energy transfer rates in both cases indicates that the thermalization process of the given phonon distribution takes place on a timescale of a few hundred picoseconds. In conclusion, we have observed a considerable influence of a thermodynamic nonequilibrium of the phonons on the energy transfer between the electron and phonon systems.
